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From Wikipedia, the free encyclopedia

In vector calculus, theurl is a vector operator that describes the infinitesimal imtaof a 3-dimensional vector field. At every point in theldig
the curl of that point is represented by a vector. The atteibof this vector (length and direction) characterize ttation at that point.

The direction of the curl is the axis of rotation, as deteediby the right-hand rule, and the magnitude of the curl isxitagnitude of rotation. If
the vector field represents the flow velocity of a movingdiuthen the curl is their culation density of the fluid. A vector field whose curl is
zero is called irrotational. The curl is a form of differeatton for vector fields. The corresponding form of the fumdmtal theorem of calculus is
Stokes' theorem, which relates the surface integral of tineo€ a vector field to the line integral of the vector fieldoand the boundary curve.

The alternative terminologyotor or rotational and alternative notations rtand v x F are often used (the former especially in many European
countries, the latter, using the del operator and the cnamtupt, is more used in other countries) forl and curlF.

Unlike the gradient and divergence, curl does not generalizsimply to other dimensions; some generalizations aslge, but only in three
dimensions is the geometrically defined curl of a vectddfeegain a vector field. This is a similar phenomenon as indtkdémensional cross
product, and the connection is reflected in the notatios for the curl.

The name "curl" was first suggested by James Clerk MaxwelBifd! but the concept was apparently first used in the constmicti@n optical
field theory by James MacCullagh in 188%.
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Definition

The curl of a vector field, denoted by curF, or V x F, or rotF, at a point is defined in terms of its
projection onto various lines through the pointa is any unit vector, the projection of the curlBfonto
a is defined to be the limiting value of a closed line integrabiplane orthogonal twas the path used in
the integral becomes infinitesimally close to the pointjadid by the area enclosed.

As such, the curl operator maps continuously differenédbhctions f R - R3to continuous
functions g R3 - R3 In fact, it mapsCk functions inR® to €% functions inR>.,

Implicitly, curl is defined by[.s][“]

o def 1. 1 The components df at positionr,
(VxF)-n= ,141510 m ﬁF ~dr normal and tangent to a closed cu@e

in a plane, enclosing a planar vector area
A=An.
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where#: F-dr is a line integral along the boundary of the area in questiod,f is the magnitude of the area.lfs
an outward pointing in-plane normal, whereas the unit vector perpendicular to the plane (see captioight),
then the orientation of C is chosen so that a tangent vedtC is positively oriented if and only {a.2.2} forms a

positively oriented basis faR® (right-hand rule).
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The above formula means that the curl of a vector field isrdefias the infinitesimal area density of tieculation

of that field. To this definition fit naturally Convention for vector
orientation of the line
= the Kelvin-Stokes theorem, as a global formula correspaptdi the definition, and integral

= the following "easy to memorize" definition of the curl inreilinear orthogonal coordinates, e.g. in Cartesian
coordinates, spherical, cylindrical, or even ellipticaparabolical coordinates:

(cwrlF) = —— (3(@3}’3) _ a(a-ze))’

oty 311,2 3u3
_ 1 3(a.1F1) 3(a.3F3)
(curlF), = e ( o 0w )
_ 1 3(a.2F2) 3(a.1F1)
(curlF)3 = s ( o og )

Note that the equation for each compone(curl F') . can be obtained by exchanging each occurrence of a subggigtn cyclic permutation:
1-2, 23, and 3»1 (where the subscripts represent the relevant indices).

If (X4, X,, X3) are the Cartesian coordinates ang\f,,u,) are the orthogonal coordinates, then
3 2

a; = -

2 (

is the length of the coordinate vector corresponding td he remaining two components of curl result from cyclicrpetation of indices: 3,1,2
—1,2,3-2,3,1.

Intuitive inter pretation

Suppose the vector field describes the velocity field obifflow (such as a large tank of liquid or gas) and a small isdbcated within the
fluid or gas (the centre of the ball being fixed at a certaimf)olf the ball has a rough surface, the fluid flowing pastill make it rotate. The
rotation axis (oriented according to the right hand rulépin the direction of the curl of the field at the centrelof thall, and the angular speed

of the rotation is half the magnitude of the curl at this péﬂwt
Usage

In practice, the above definition is rarely used becausértnally all cases, the curl operator can be applied usimgesset of curvilinear
coordinates, for which simpler representations have beered.

The notationV x F has its origins in the similarities to the 3 dimensional srpeoduct, and it is useful as a mnemonic in Cartesian coatesrif
V is taken as a vector differential operator del. Such natatigolving operators is common in physics and algebra. Hewnen certain
coordinate systems, such as polar-toroidal coordinateerfon in plasma physics), using the notatiénx F will yield an incorrect result.

Expanded in Cartesian coordinates (see Del in cylindrigdlspherical coordinates for spherical and cylindricardowte representationsy;, x
Fis, for F composed of ff,, Fy, Fl:

ik
dxr dy o=

wherei, j, andk are the unit vectors for the, y-, andz-axes, respectively. This expands as folldis:
(25 OBy (U0, (5 0EY,
oy 0z Oz Ox J ox My

Although expressed in terms of coordinates, the resulvariant under proper rotations of the coordinate axes ltebult inverts under
reflection.
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In a general coordinate system, the curl is giveﬁ]by

(V x F)f =9, F,,

wheree denotes the Levi-Civita symbol, the metric tensor is usddwer the index orF, and the Einstein summation convention implies that
repeated indices are summed over. Equivalently,

(Vx F) = e ™0,F,,

whereg, are the coordinate vector fields. Equivalently, using tkieeor derivative, the curl can be expressed as:

V x F =[x (dF)]*

Herer andt are the musical isomorphisms, anid the Hodge dual. This formula shows how to calculate théafuf in any coordinate system,
and how to extend the curl to any oriented three-dimensiBiehannian manifold. Since this depends on a choice of tatiem, curl is a chiral
operation. In other words, if the orientation is reversadntthe direction of the curl is also reversed.

Examples

A simple vector field
Take the vector field, which depends wandy linearly:
F(.’II_, Y, Z) = y:& - .’I::l;'

Its plot looks like this:
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Simply by visual inspection, we can see that the field isthoga If we place a paddle wheel anywhere, we see immediétetgndency to rotate
clockwise. Using the right-hand rule, we expect the curlgarto the page. If we are to keep a right-handed coordinatesy into the page will
be in the negative z direction. The lack of x and y directiaanalogous to the cross product operation.

If we calculate the curl:

s . d d 1. ..
VxF=0&40g5+ {5(—1:)—3—9’4 2=-2%

Which is indeed in the negativedirection, as expected. In this case, the curl is actuallgrstant, irrespective of position. The "amount" of
rotation in the above vector field is the same at any poing). Plotting the curl of~ is not very interesting:

A moreinvolved example

Suppose we now consider a slightly more complicated vetdt: f
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F(.’II_, Y, Z) = _IZQ'

Its plot:

=
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We might not see any rotation initially, but if we closely loat the right, we see a larger field at, say, x=4 than at x=Bitimely, if we placed a
small paddle wheel there, the larger "current" on its rigthé svould cause the paddlewheel to rotate clockwise, whithkesponds to a curl in the
negative z direction. By contrast, if we look at a point on it and placed a small paddle wheel there, the larger "atlrm its left side would
cause the paddlewheel to rotate counterclockwise, whiotesponds to a curl in the positive z direction. Let's chadkonr guess by doing the
math:

V xF=0%+0§+ g—x(—xg)z = —21%.

Indeed the curl is in the positive z direction for negativend én the negative z direction for positive X, as expectedc&ithis curl is not the same
at every point, its plot is a bit more interesting:
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We note that the plot of this curl has no dependence on y or it $asuldn't) and is in the negative z direction for positivand in the positive z
direction for negative x.

I dentities

Consider the exampl&’ x (v x F). Using Cartesian coordinates, it can be shown that
Vx(vxF)=[(V-F)+F-V|[v-[(V:-v)+Vv-V|F.

In the case where the vector fieldand\/ are interchanged:
vx(VxF)=Vp(v-F)-(v-V)F,

which introduces the Feynman subscript notatiop, which means the subscripted gradient operates only oratterf.

Another example i/ x (V x F). Using Cartesian coordinates, it can be shown that:
Vx(VxF)=V(V-F)-VF,

which can be construed as a special case of the previous éxaitip the substitutiov — /.

(Note: VoF represents the vector LaplacianFe)f

The curl of the gradient dadny scalar fieldy is always the zero vector:
V x (Vg)=0

If ¢ is a scalar valued function arkdis a vector field, then
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Vx(pF)=VexF+pVxF
Descriptive examples

= |In a vector field describing the linear velocities of eachtpéa rotating disk, the curl has the same value at all points

= Of the four Maxwell's equations, two—Faraday's law and Arafglaw—can be compactly expressed using curl. Faraday'sthtes that
the curl of an electric field is equal to the opposite of tieetirate of change of the magnetic field, while Ampére's ldates the curl of the
magnetic field to the current and rate of change of the atefigid.

Generalizations

The vector calculus operations of grad, curl, and div aretmasily generalized and understood in the context of difféal forms, which
involves a number of steps. In a nutshell, they correspotigetalerivatives of 0-forms, 1-forms, and 2-forms, respetyi The geometric
interpretation of curl as rotation corresponds to idemtifybivectors (2-vectors) in 3 dimensions with the speciti@gonal Lie algebrao(3) of
infinitesimal rotations (in coordinates, skew-symme8&ig 3 matrices), while representing rotations by vectorsesponds to identifying 1-
vectors (equivalently, 2-vectors) apd(3), these all being 3-dimensional spaces.

Differential forms

In 3 dimensions, a differential 0-form is simply a functiffr, y, z); a differential 1-form is the following expressioa; dr + a; dy + a; dz;a
differential 2-form is the formal sunaz dx A dy + a13 dx A dz + ag3 dy A dz; and a differential 3-form is defined by a single term:
a123 dx A dy A dz. (Here the a-coefficients are real functions; the "wedgelpets”, e.gdx A dy, can be interpreted as some kind of oriented area

elementsdzr A dy = —dy A dz, etc.) The exterior derivative oflaform in R3is defined as thekg-1)-form from above (and iR" if, e.g.,

k)
w = z Qiq ik d.’l:.gl Mo N d.’l:gk,
i1 <Cipg<.. ik Vip €l

then the exterior derivative leads to

) n da;, . ;
dw®) = > etk dy s Adxgy A Ada,.
J=1; 1< <k Or;

The exterior derivative of a 1-form is therefore a 2-formgdimat of a 2-form is a 3-form. On the other hand, because afiteechangeability of
mixed derivatives, e.g. because of
0* 0?
dxdy ~ dydx’

the twofold application of the exterior derivative lead9to

Thus, denoting the space kfforms byQ*(R?*) and the exterior derivative byone gets a sequence:
050%(R%) S0 (RS0 (R?) S0P (R?) 0.

HereQ*(R") s the space of sections of the exterior algeA*(R™) vector bundle over B whose dimension is the binomial coefficiq},); note
thatQ"(R?) = 0 for k> 3 ork < 0. Writing only dimensions, one obtains a row of Pascakmgle:

0-1-3—-3—->1-0;

the 1-dimensional fibers correspond to functions, and td@®nsional fibers to vector fields, as described beloateNhat modulo suitable
identifications, the three nontrivial occurrences of tkeegor derivative correspond to grad, curl, and div.

Differential forms and the differential can be defined oy &uclidean space, or indeed any manifold, without any motiba Riemannian metric.
On a Riemannian manifold, or more generally pseudo-Riemammanifold k-forms can be identified witk-vector fields k-forms arek-covector
fields, and a pseudo-Riemannian metric gives an isomarphé&tween vectors and covectors), and omr@ented vector space with a
nondegenerate form (an isomorphism between vectors arttys), there is an isomorphism betwdevectors andrf—k)-vectors; in particular
on (the tangent space of) an oriented pseudo-Riemanniaifiaia hus on an oriented pseudo-Riemannian manifold,careinterchangé-

forms, k-vector fields, 6—k)-forms, and §—k)-vector fields; this is known as Hodge duality. ConcreteiyR3 this is given by:

= 1-forms and 1-vector fields: the 1-fora. dz + a, dy + a. dz corresponds to the vector fie(a., a,, a-).

= 1-forms and 2-forms: one replacesby the "dual” quantitydy A dz (i.e., omitdx), and likewise, taking care of orientatiody corresponds to
dz N\ dx = —dx A dz, anddz corresponds tdx A dy. Thus the forra, dr + a, dy + a. dz corresponds to the "dual form"
a, dr Ady +aydz Ndx + a, dy A dz.
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Thus, identifying 0-forms and 3-forms with functions, anfbtms and 2-forms with vector fields:

= grad takes a function (0-form) to a vector field (1-form);
= curl takes a vector field (1-form) to a vector field (2-form)
= div takes a vector field (2-form) to a function (3-form)

On the other hand the fact thdt = 0 corresponds to the identities curl griael 0 anddiv curl 7 = 0 for any functionf or vector field.

Grad and div generalize to all oriented pseudo-Riemanniamifaids, with the same geometric interpretation, bec#élusespaces of 0-forms and
n-forms is always (fiberwise) 1-dimensional and can be ifiedtwith scalar functions, while the spaces of 1-forms émell)-forms are always
fiberwisen-dimensional and can be identified with vector fields.

Curl does not generalize in this way to 4 or more dimensionsl¢avn to 2 or fewer dimensions); in 4 dimensions the dimersare
0-1-4-56—-4—-1-0;
so the curl of a 1-vector field (fiberwise 4-dimensional&-vector field, which is fiberwise 6-dimensional, one has

w{g) = z avg,kd.’li.g A d.’l:k_,
i<k=1,...,4
which yields a sum of six independent terms, and cannot bifael with a 1-vector field. Nor can one meaningfully gorin a 1-vector field to a

2-vector field to a 3-vector field (4> 6 — 4), as taking the differential twice yields zend?(: 0). Thus there is no curl function from vector fields
to vector fields in other dimensions arising in this way.

However, one can define a curl of a vector field @ &ector field in general, as described below.

Curl geometrically

2-vectors correspond to the exterior poW@N; in the presence of an inner product, in coordinates thestharskew-symmetric matrices, which
are geometrically considered as the special orthogonatlgiebraso(V) of infinitesimal rotations. This ha(’;) = %n(n — 1) dimensions, and

allows one to interpret the differential of a 1-vector figlslits infinitesimal rotations. Only in 3 dimensions (owiaily in O dimensions) is

n = in(n — 1), which is the most elegant and common case. In 2 dimensionzuthef a vector field is not a vector field but a function, as 2

dimensional rotations are given by an angle (a scalar - amtaiion is required to choose whether one counts clockwiseunterclockwise
rotations as positive); note that this is not the div, butiber perpendicular to it. In 3 dimensions the curl of a vefiedd is a vector field as is
familiar (in 1 and O dimensions the curl of a vector field id@cause there are no non-trivial 2-vectors), while in 4 disiens the curl of a vector
field is, geometrically, at each point an element of the Batisional Lie algebrso(4).

Note also that the curl of a 3-dimensional vector field which otdypends on 2 coordinates (say) is simply a vertical vector field (in the
direction) whose magnitude is the curl of the 2-dimensimeator field, as in the examples on this page.

Considering curl as a 2-vector field (an antisymmetric r2st&) has been used to generalize vector calculus and atssbphysics to higher
dimensiond®!

See also

= Cross product

= Del

= Divergence

= Gradient

= Helmholtz decomposition

= Nabla in cylindrical and spherical coordinates
= Vorticity
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