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Ampere's circuital law
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In classical electromagnetisfAmpeére's circuital law, discovered by André-Marie Ampére in 18Bbrelates the integrated magnetic field
around a closed loop to the electric current passing thrdhuglhoop. James Clerk Maxwell derived it again using hydraahgics in his 1861 paper
On Physical Lines of Forcand it is now one of the Maxwell equations, which form the badiclassical electromagnetism.
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Ampere's original circuital law

Ampeére's law relates magnetic fields to electric curremas produce them. Ampére's law determines the magnetitdssdociated with a given
current, or the current associated with a given magnetid, figovided that the electric field does not change oveetim its original form,
Ampére's circuital law relates a magnetic field to its afeaturrent source. The law can be written in two forms, thge€gral form" and the
"differential form". The forms are equivalent, and relatgdthe Kelvin—Stokes theorem. It can also be written in teofreither theB or H
magnetic fields. Again, the two forms are equivalent (se€"fitoof" section below).

Ampére's circuital law is now known to be a correct law of pbysn a magnetostatic situation: The system is static exgegsibly forcontinuou
steady currents within closed loops. In all other casesahed incorrect unless Maxwell's correction is includecde(below).

Integral form
In Sl units (cgs units are later), the "integral form" of thiégmal Ampére's circuital law is a line integral of the magje field around some
closed curveC (arbitrary but must be closed). The cur@én turn bounds both a surfa@which the electric current passes through (again

arbitrary but not closed—since no three-dimensional velisrenclosed b$), and encloses the current. The mathematical statemehne dév is
a relation between the total amount of magnetic field araaorde path (line integral) due to the current which passesigrthat enclosed path

(surface integral). It can be written in a number of forfs]

In terms oftotal current, which includes botitee andbound current, the line integral of the magnetic B-field (in tesla around closed curvé
is proportional to the total curreif, .passing through a surfaG{enclosed byC):

fB-dEz;LO//J-dS:poIenc
c s

wherelJ is the total current density (in ampere per square metre',z))\m

Alternatively in terms ofree current, the line integral of the magnetic H-field (in ampeer metre, Arﬁl) around closed curv€ equals the free
currentl; . .through a surfac&

fH-dEz//Jf-dS:If,enc
c s

whereJ; is the free current density only. Furthermore
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= ¢.is the closed line integral around the closed cutye

= Jfs denotes a 2d surface integral o@enclosed byC

= ¢ is the vector dot product,

= dt is an infinitesimal element (a differential) of the cur@di.e. a vector with magnitude equal to the length of the itéisimal line element,
and direction given by the tangent to the cu@e

= dSis the vector area of an infinitesimal element of surf&¢that is, a vector with magnitude equal to the area of thaitefsimal surface
element, and direction normal to surfe&elhe direction of the normal must correspond with the odgah of C by the right hand rule), see
below for further explanation of the cun@and surface&.

The B andH fields are related by the constitutive equation
B = oH
wherey, is the magnetic constant.

There are a number of ambiguities in the above definitioasriquire clarification and a choice of convention.

1. First, three of these terms are associated with sign auitigig; the line integra#- could go around the loop in either direction (clockwise or
counterclockwise); the vector are& dould point in either of the two directions normal to the s, and ,.is the net current passing

through the surfacg meaning the current passing through in one direction, sitha current in the other direction—but either direction
could be chosen as positive. These ambiguities are resbivéte right-hand rule: With the palm of the right-hand togvtire area of
integration, and the index-finger pointing along the dii@t of line-integration, the outstretched thumb pointsha direction that must be
chosen for the vector are®&dAlso the current passing in the same direction &sndist be counted as positive. The right hand grip rule can
also be used to determine the signs.

2. Second, there are infinitely many possible surfé&&#mt have the curv€ as their border. (Imagine a soap film on a wire loop, which lsan
deformed by moving the wire). Which of those surfaces is tolmesen? If the loop does not lie in a single plane, for exantpége is no one
obvious choice. The answer is that it does not matter; it @prbven that any surface with bound&gan be chosen.

Differential form

By the Stokes' theorem, this equation can also be writter'diff@rential form". Again, this equation only applies ine case where the electric
field is constant in time, meaning the currents are steanhefindependent, else the magnetic field would change timith); see below for the
more general form. In Sl units, the equation states for tatalent:

V xB = pgd
and for free current
VxH= Jf

whereVx is the curl operator.

Note on free current versus bound current

The electric current that arises in the simplest textbotkations would be classified as "free current"—for examgle current that passes
through a wire or battery. In contrast, "bound current"esim the context of bulk materials that can be magnetizetbapdlarized. (All
materials can to some extent.)

When a material is magnetized (for example, by placing itireaternal magnetic field), the electrons remain bounde@ tiespective atoms, but
behave as if they were orbiting the nucleus in a particulaatiion, creating a microscopic current. When the currérots all these atoms are put
together, they create the same effect as a macroscopimtireulating perpetually around the magnetized objEbis magnetization current
J is one contribution to "bound current".

The other source of bound current is bound charge. When atrielfield is applied, the positive and negative bound gearcan separate over
atomic distances in polarizable materials, and when thedacharges move, the polarization changes, creating anmhéribution to the "bound
current”, the polarization curredp.

The total current density due to free and bound charges is then:

J=J+Ju+Je
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with J; the "free" or "conduction” current density.

All current is fundamentally the same, microscopicallyviigheless, there are often practical reasons for wantitrgat bound current
differently from free current. For example, the bound cotrgsually originates over atomic dimensions, and one mak ta take advantage of a
simpler theory intended for larger dimensions. The resutat the more microscopic Ampére's law, expressed in teffsaand the microscopic
current (which includes free, magnetization and polaigraturrents), is sometimes put into the equivalent fornolweh terms ofH and the free
current only. For a detailed definition of free current amdihd current, and the proof that the two formulations arevedent, see the "proof”
section below.

Shortcomings of the original formulation of Ampere's circuital law

There are two important issues regarding Ampeére's law #uptire closer scrutiny. First, there is an issue regardirgcbntinuity equation for
electrical charge. In vector calculus, the identity for ttieergence of a curl states that a vector field's curl digacg must always be zero. Hence

V- (VxB)=0
and so the original Ampére's law implies that
v-J=0.

But in general

dp

V.J:—E

which is non-zero for a time-varying charge density. An eglEnoccurs in a capacitor circuit where time-varying chatgasities exist on the
platesIIeI7IE]

Second, there is an issue regarding the propagation ofefeatnetic waves. For example, in free space, where
J=o.

Ampére's law implies that

VxB=0
but instead
1 90E

To treat these situations, the contribution of displacemarrent must be added to the current term in Ampére's law.

James Clerk Maxwell conceived of displacement current adaipation current in the dielectric vortex sea, which kedito model the magnetic
field hydrodynamically and mechanica[R}.He added this displacement current to Ampeére's circuitidbequation (112) in his 1861 papen
Physica Lines of Forcelt

Displacement current
In free space, the displacement current is related to ther@te of change of electric field.

In a dielectric the above contribution to displacemententris present too, but a major contribution to the displam@nourrent is related to the
polarization of the individual molecules of the dielectmaterial. Even though charges cannot flow freely in a dieleche charges in molecules
can move a little under the influence of an electric fieldeTgositive and negative charges in molecules separate threlapplied field, causing
an increase in the state of polarization, expressed as thezadion density°. A changing state of polarization is equivalent to a current

Both contributions to the displacement current are comblmedefining the displacement current!gks:

7]

JD:&

D(r, t),

where the electric displacement field is defined as:
D=cgE+P =¢c,E,

wheres is the electric constant, the relative static permittivity, anél is the polarization density. Substituting this form f@iin the expression
for displacement current, it has two components:
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oE 0P

Io =g+ 3

The first term on the right hand side is present everywhes@n @ a vacuum. It doesn't involve any actual movement ofganebut it
nevertheless has an associated magnetic field, as if itareeetual current. Some authors apply the ndisglacement currertb only this

contributiont™!!

The second term on the right hand side is the displacemergrduas originally conceived by Maxwell, associated with golarization of the
individual molecules of the dielectric material.

Maxwell's original explanation for displacement curremtdsed upon the situation that occurs in dielectric medithé modern post-aether era,
the concept has been extended to apply to situations withaterral media present, for example, to the vacuum betweepltttes of a charging
vacuum capacitor. The displacement current is justifieiydbecause it serves several requirements of an electnet@gheory: correct
prediction of magnetic fields in regions where no free cotrflows; prediction of wave propagation of electromagoétlds; and conservation of
electric charge in cases where charge density is time+vguriior greater discussion see Displacement current.

Extending the original law: the Maxwell-Ampére equation

Nexi Ampére's equation is extended by including the polarizatiarrent, thereby remedying the limited applicability loé toriginal Ampeére's
circuital law.

Treating free charges separately from bound charges, Aetgppéguation including Maxwell's correction in terms of khdield is (theH-field is
used because it includes the magnetization currenty, stoes not appear explicitly, see H-field and also N&@):

ﬁH.dg://S(Jﬁ%D) s

(integral form), wheréH is the magnetic H field (also called "auxiliary magnetiddie "magnetic field intensity", or just "magnetic field' is
the electric displacement field, adgis the enclosed conduction current or free current denisitgifferential form,

0
VXH:J[‘-F&D

On the other hand, treating all charges on the same footisge@hrding whether they are bound or free charges), thergred Ampére's
equation, also called the Maxwell-Ampeére equation, is fagral form (see the "proof" section below):

f B.dé= // (,uo.] + ,HofoaiE) -dS
c s t

In differential form,

VxB= (,uo.] +;5060%E)

In both formsJ includes magnetization current dengiﬂlas well as conduction and polarization current densitieat s, the current density on
the right side of the Ampére—Maxwell equation is:

JE JE

Ji+JIp + Ju :Jf‘i‘JP‘i‘JM‘i‘SOE =J+€0E )

where current density is thedisplacement currenaaindJ is the current density contribution actually due to moveneértharges, both free and

bound. Becaus® - D =p, the charge continuity issue with Ampére's original foratign is no longer a probleHﬁ‘] Because of the term in
£,0E / 0t, wave propagation in free space now is possible.

With the addition of the displacement current, Maxwell whakeao hypothesize (correctly) that light was a form of elestagnetic wave. See
electromagnetic wave equation for a discussion of this imamb discovery.

Proof of equivalence

Proof that the formulations of Ampére's law in terms of free aurrent are equivalent to the formulations
involving total current.
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In this proof, we will show that the equation

oD
VXH:J[‘-FE

is equivalent to the equation

oE

\Y XB/,{LOZJﬁ-SOE

Note that we're only dealing with the differential formst ttee integral forms, but that is sufficient since the
differential and integral forms are equivalent in each chgehe Kelvin—Stokes theorem.

We introduce the polarization densRywhich has the following relation t& andD:
D=gE+P

Next, we introduce the magnetization denditywhich has the following relation t8 andH:
B/ipo=H+M

and the following relation to the bound current:

Jbouna = V xM-i—% ;
=Ju+Jp,
where
Ju=VxM,

is called the magnetization current density, and

oP
JP:E!

is the polarization current density. Taking the equatiarBo
Vx B/ =V x (H+M)

ZVXH-FJM

=Ji+Jp+ +Ju

_ OB
vog

Consequently, referring to the definition of the bound eatr

V x B/po = J¢ + Jbound +eogr

JE

= It

as was to be shown.

Ampere's law in cgs units

In cgs units, the integral form of the equation, includingMell's correction, reads

fB-dff:l//(‘iﬂ'J—‘ra—E)-dS
o C ) at

wherec is the speed of light.

The differential form of the equation (again, including M&l's correction) is

1 O
VxB—E(él?rJ—i—g).
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