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The termmagnetic potentialcan be used for either of two quantities in classical elesaignetism: thenagnetic vector potential, A, (often
simply called thevector potential) and themagnetic scalar potential, v. Both quantities can be used in certain circumstances toilzaé the
magnetic field.

The more frequently used magnetic vector potenfialis defined such that the curl &f is the magnetic fieldB. Together with the electric
potential, the magnetic vector potential can be used tafspbe electric field,E as well. Therefore, many equations of electromagnetisnbean
written either in terms of th& andB, or in terms of the magnetic vector potential and electric pidé&rin more advanced theories such as
quantum mechanics, most equations use the potentials atiterioandB fields.

The magnetic scalar potentialis sometimes used to specify the magnetifield in cases when there are no free currents, in a manrzogous
to using the electric potential to determine the electatdfin electrostatics. One important useyois to determine the magnetic field due to
permanent magnets when their magnetization is known. Witiescare the scalar potential can be extended to includefireents as well.
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Magnetic vector potential

The magnetic vector potentiél is a vector field defined along with the electric potentidh scalar field) by the equatior[@:

. 0A
B=VxA, E=-V¢-— —,
ot
whereB is the magnetic field anH is the electric field. In magnetostatics where there is metivarying charge distribution, only the first
equation is needed. (In the context of electrodynamicsteimas "vector potential” and "scalar potential” are usedrftagnetic vector potential”
and "electric potential”, respectively. In mathemati@ster potential and scalar potential have more general imgsin

Defining the electric and magnetic fields from potentiaisoanatically satisfies two of Maxwell's equations: Gasigsv for magnetism and
Faraday's Law. For example Af is continuous and well-defined everywhere, then it is got@ed not to result in magnetic monopoles. (In the
mathematical theory of magnetic monopol&ss allowed to be either undefined or multiple-valued in s@taees; see magnetic monopole for
details).

Starting with the above definitions:

V-B=V-(VxA)=0

B . O0A\ 9 0B
VxE—Vx(—qu—g)——a(VxA)——a.

Alternatively, the existence @ and¢ is guaranteed from these two laws using the Helmholtz'sr&meoFor example, since the magnetic field is
divergence-free (Gauss's law for magnetism),¥e= B = 0, A always exists that satisfies the above definition.

The vector potentiah is used when studying the Lagrangian in classical mechamidsn quantum mechanics (see Schrodinger equation for
charged particles, Dirac equation, Aharonov—Bohm effect)

In the Sl system, the units &f are V-s- m* and are the same as that of momentum per unit charge.
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Although the magnetic fiel® is a pseudovector (also called axial vector), the vectoem@l A is a polar vectoP! This means that if the right-
hand rule for cross products were replaced with a left-hale] but without changing any other equations or defingjadhenB would switch

signs, butA would not change. This is an example of a general theoremcliH®f a polar vector is a pseudovector, and vice-vésa.

Gauge choices

The above definition does not define the magnetic vectaemi@tl uniquely because, by definition, we can arbitraaitig curl-free components to
the magnetic potential without changing the observed ntagfield. Thus, there is a degree of freedom available whewosingA. This
condition is known as gauge invariance.

Maxwell's equations in terms of vector potential

Using the above definition of the potentials and applyirtg ithe other two Maxwell's equations (the ones that are rtotaatically satisfied)
results in a complicated differential equation that canib®bfied using the Lorenz gauge whefeis chosen to satisfy:

106 [y
V-A+C—Qa_0.

Using the Lorenz gauge, Maxwell's equations can be writtenpactly in terms of the magnetic vector potenfiahnd the electric scalar potential
Nil|
¢!

v?{i’ C_2 atg = P/fo
1 9’A
2
VA= agr = Hd

In other gauges, the equations are different. A differetatian to write these same equations (using four-vectsrshown below.

Calculation of potentials from source distributions

The solutions of Maxwell's equations in the Lorenz gauge (éa/nmaﬁl] and Jacks&ﬁ]) with the boundary condition that both potentials go to
zero sufficiently fast as they approach infinity are calllee retarded potentials, which are the magnetic vectomgiatéA (r, t) and the electric
scalar potentiag(r, t) due to a current distribution of current denslfy’, t'), charge densityg(r’, t'), and volume, within whichp andJ are
non-zero at least sometimes and some places):

o I )

3.
1‘&(1‘,1‘.)—4?T T d*r'.

!:b(r,t) _ 1 p(r!‘t) dar!

dmeg o v =1

where the fields at position vectorand timet are calculated at distant positiohat an earlier time'. The locatiorr’ is a source point in the
charge or current distribution (also the integration valgawithin volume(2). The earlier time' is called theretarded time, and calculated as

v —r|
-

t'=t

There are a few notable things abduaindg calculated in this way:

= (The Lorenz gauge conditionV - A + %% =
[ A

= The position ofr, the point at which values faf andA are found, only enters the equation as part of the scalardistfrony’ tor. The

0 is satisfied.

direction fromr’ tor does not enter into the equation. The only thing that ma#teogit a source point is how far away it is.
= The integrand usestarded time, t'. This simply reflects the fact that changes in the sourcegamate at the speed of light. Hence the
charge and current densities affecting the electric anchetagpotential at andt, from remote locatiom’ must also be at some prior tinte
= The equation foA is a vector equation. In Cartesian coordinates, the equaéparates into three scalar equati%‘hs:

4 (I‘ f) — ,U,_o Jz(r!' t!) dSrf
e dm Jo v =1

J, ('t ,
Ay(r,t) = ‘T—EL y(_ r’|) d’*r

|r
(e =t [ L) g
R dm Jo v -1
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In this form it is easy to see that the componenfdh a given direction depends only on the component$tbiat are in the same direction.
If the current is carried in a long straight wire, tAepoints in the same direction as the wire.

In other gauges the formula fér and¢ is different — for example, see Coulomb gauge for anothesipdiy.

Depiction of the A field

See Feynma{f‘ﬂ for the depiction of the\ field around a
long thin solenoid.

Since
VxB= ,U.QJ

assuming quasi-static conditions, i.e.

%—f =0 VxA=8B,
the lines and contours & relate toB like the lines and
contours ofB relate tgj. Thus, a depiction of tha field
around a loop 0B flux (as would be produced in a toroidal
inductor) is qualitatively the same as tBdield around a
loop of current.

The figure to the right is an artist's depiction of tAdield.

The thicker lines indicate paths of higher average intgnsit
(shorter paths have higher intensity so that the path iategr
is the same). The lines are drawn to (aesthetically) impart Representing the Coulomb gauge magnetic vector potehtiatagnetic flux densit,

the general look of thé-field. and current densityfields around a toroidal inductor of circular cross section. Thicker
lines indicate field lines of higher average intensity. Circles in the cross seuftithe

The drawing tacitly assumeg « A =0, true under the core represent thB-field coming out of the picture, plus signs represBrfteld going

following assumptions: into the picture.v + A = 0 has been assumed.

= the Coulomb gauge is assumed
= the Lorenz gauge is assumed and there is no distributionasfyelp = 0,
= the Lorenz gauge is assumed and zero frequency is assumed

= the Lorenz gauge is assumed and a non-zero frequency tbhat enlough to negle%% is assumed

Electromagnetic four-potential

In the context of special relativity, it is natural to joinetimagnetic vector potential together with the (scalar)tatepotential into the
electromagnetic potential, also called "four-potential”

One motivation for doing so is that the four-potential is ameanatical four-vector. Thus, using standard four-vetrtammsformation rules, if the
electric and magnetic potentials are known in one ineréifdnence frame, they can be simply calculated in any otlestiad reference frame.

Another, related motivation is that the content of cladstectromagnetism can be written in a concise and convefoem using the
electromagnetic four potential, especially when the Largauge is used. In particular, in abstract index notatiom set of Maxwell's equations
(in the Lorenz gauge) may be written (in Gaussian units) bows:

P4, =0
4
D;zlp = ?JF

wheren is the d'Alembertian andis the four-current. The first equation is the Lorenz gaugediion while the second contains Maxwell's
equations. The four-potential also plays a very importale in quantum electrodynamics.

Magnetic scalar potential

The scalar potential is another useful quantity in deseglthe magnetic field, especially for permanent magnets.

In a simply connected domain where there is no free current,
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VxH=0,

hence we can defineraagnetic scalar potential, v, ad®
H=-Vy.

Using the definition oH:
V-B=puV-(H+M)=0,

it follows that
Vi =-V-H=V-M.

Here « M acts as the source for magnetic field, much like P acts as the source for electric field. So analogously to d@lectric charge, the
quantity

is called thebound magnetic charge.

If there is free current, one may subtract the contributioiee current per Biot—Savart law from total magnetic fiatid solve the remainder
with the scalar potential method. To date there has not begnegroducible evidence for the existence of magnetic mpoles.

Notes

1. ~abcd Feynman (1964, p. 15_15) 5. ~ Feynman (1964, p. 11, cpt 15 (http://www.feynmanlectures.cakdath.
II_15.html))
6. N Vanderlinde (2005, pp. 194~199)

2. 2P Tensors and pseudo-tensors, lecture notes by Richard Fitzpatrick
(http://farside.ph.utexas.edu/teaching/em/lectures/node120.html)

3. N Jackson (1999, p. 246)

4. ~ Kraus (1984, p. 189)

See also

= Gluon field
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