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In physics Gauss's law also known assauss's flux theorem is a law relating the distribution of electric charge to thsulting electric field.

The law was formulated by Carl Friedrich Gauss in 1835, bug mat published until 186 It is one of the four Maxwell's equations which
form the basis of classical electrodynamics, the otheetbeng Gauss's law for magnetism, Faraday's law of inductiod Ampére's law with

Maxwell's correction. Gauss's law can be used to derivedballls Iavv[,z] and vice versa.
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Qualitative description of the law
In words, Gauss's law states that:

The net electric flux through any closed surface is equa]()(gttimes the net electric charge enclosed within that closethsal’!

Gauss's law has a close mathematical similarity with a nummblews in other areas of physics, such as Gauss's law fonetisgn and Gauss's
law for gravity. In fact, any "inverse-square law" can benfiatated in a way similar to Gauss's law: For example, Gales'éself is essentially
equivalent to the inverse-square Coulomb's law, and Galassg'for gravity is essentially equivalent to the inversgrare Newton's law of gravity.

Gauss's law is something of an electrical analogue of Ampéaes, which deals with magnetism.

The law can be expressed mathematically using vector esdnlintegral form and differential form, both are equivdlsince they are related by
the divergence theorem, also called Gauss's theorem. Edwbse forms in turn can also be expressed two ways: In tefmsaation between

the electric fieldE and the total electric charge, or in terms of the electripldisement fieldD and thefreeelectric chargé‘!]

Equation involving E field

Gauss's law can be stated using either the electric Baldthe electric displacement field. This section shows some of the forms withthe
form with D is below, as are other forms with
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Integral form

Gauss's law may be expressed%s:

(I)Ezg

o
whered is the electric flux through a closed surfa8enclosing any volum¥, Q is the total charge enclosed withBiands, is the electric
constant. The electric flu is defined as a surface integral of the electric field:

by :JﬁE -dA
Js

whereE is the electric field, & is a vector representing an infinitesimal element of a8 Yand - represents the dot product of two vectors.
Since the flux is defined as antegral of the electric field, this expression of Gauss's law isezhtheintegral form
Applying the integral form

If the electric field is known everywhere, Gauss's law makegasite easy, in principle, to find the distribution of etdc charge: The charge in any
given region can be deduced by integrating the electrid fiefind the flux.

However, much more often, it is the reverse problem that aiéetle solved: The electric charge distribution is knowd, e electric field needs
to be computed. This is much more difficult, since if you knitw total flux through a given surface, that gives almostriorimation about the
electric field, which (for all you know) could go in and outtbfe surface in arbitrarily complicated patterns.

An exception is if there is some symmetry in the situationiclvimandates that the electric field passes through thasairh a uniform way.
Then, if the total flux is known, the field itself can be deddat every point. Common examples of symmetries which Ieaethselves to Gauss's
law include cylindrical symmetry, planar symmetry, andesfital symmetry. See the article Gaussian surface for ebemmyhere these
symmetries are exploited to compute electric fields.

Differential form

By the divergence theorem Gauss's law can alternativelyrligewvin thedifferential form

Zo

whereV - Eis the divergence of the electric fielg, is the electric constant, ands the total electric charge density (charge per unit volume

Equivalence of integral and differential forms

The integral and differential forms are mathematicallyieglent, by the divergence theorem. Here is the argument specifically.

Outline of proof
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The integral form of Gauss's law is:

%E-dAZ%

for any closed surfac® containing charg€). By the divergence theorem, this equation is equivalent to:

/‘/ V-Edeg

for any volumeV containing charg®). By the relation between charge and charge density, thiateouis
equivalent to:

/‘/ V.EdV:/‘[/ng

for any volumeV. In order for this equation to b@multaneously truéor everypossible volumé/, it is necessary
(and sufficient) for the integrands to be equal everywhé&herefore, this equation is equivalent to:

V-E=

&=

Thus the integral and differential forms are equivalent.

Equation involving D field

Free, bound, and total charge

The electric charge that arises in the simplest textboolasdns would be classified as "free charge"—for example charge which is
transferred in static electricity, or the charge on a capagpiate. In contrast, "bound charge" arises only in theextrof dielectric (polarizable)
materials. (All materials are polarizable to some extaMhen such materials are placed in an external electric, fiekelelectrons remain bound
to their respective atoms, but shift a microscopic distanecesponse to the field, so that they're more on one sideschtbm than the other. All
these microscopic displacements add up to give a macrasnepcharge distribution, and this constitutes the "bouratge”.

Although microscopically, all charge is fundamentally #amne, there are often practical reasons for wanting told@atd charge differently from
free charge. The result is that the more "fundamental” Gsiless, in terms oE (above), is sometimes put into the equivalent form belowictvh
is in terms ofD and the free charge only.

Integral form

This formulation of Gauss's law states the total charge form

(I)D = eree

whered is the D-field flux through a surfac&which encloses a volumé, andQ;,.. is the free charge contained¥h The flux®y is defined
analogously to the fludg of the electric fieldE throughS

dp :JﬁD -dA
Js

Differential form

The differential form of Gauss's law, involving free chaagdy, states:
V-D= Prree

whereV - D is the divergence of the electric displacement field, apd is the free electric charge density.

Equivalence of total and free charge statements

Proof that the formulations of Gauss's law in terms of free clarge are equivalent to the formulations
involving total charge.

In this proof, we will show that the equation
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V-E =p/eo
is equivalent to the equation
V-D= Prree

Note that we're only dealing with the differential formst ttte integral forms, but that is sufficient since the
differential and integral forms are equivalent in each chgehe divergence theorem.

We introduce the polarization densRywhich has the following relation t& andD:
D=gE+P

and the following relation to the bound charge:
Phound = =V - P

Now, consider the three equations:

Phound = V- (_P)
Phree = v ) D
The key insight is that the sum of the first two equations ésttiird equation. This completes the proof: The first

equation is true by definition, and therefore the secondhtiguiis true if and only if the third equation is true.
So the second and third equations are equivalent, whichas wl wanted to prove.

Equation for linear materials

In homogeneous, isotropic, nondispersive, linear mdtetizere is a simple relationship betwdemandD:

D=cE

Page 4

wheree is the permittivity of the material. For the case of vacuuka(fiee space), = ¢, Under these circumstances, Gauss's law modifies to

_ eree
- =

Pr
for the integral form, and

v-B= =

for the differential form.

Relation to Coulomb's law

Deriving Gauss's law from Coulomb's law

Gauss's law can be derived from Coulomb's law.

Outline of proof

Coulomb's law states that the electric field due to a statippoint charge is:

q ©r
E(r) = 4?1’50?"_2

where

e is the radial unit vector,

ris the radius |,
o is the electric constant,

g is the charge of the particle, which is assumed to be locatttkarigin.
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Using the expression from Coulomb's law, we get the totéd fiér by using an integral to sum the field it
due to the infinitesimal charge at each other peiint space, to give

By — ! /p(s)(r—s) o

 dneg |r — s|3

wherep is the charge density. If we take the divergence of both 9fleisis equation with respect tg and use
the known theoreff!

V- (#) = 47d(r)

whered(r) is the Dirac delta function, the result is

=

V. E(r) = I/p(s) 5(r—s)d's

Using the "sifting property" of the Dirac delta function, wgive at

which is the differential form of Gauss's law, as desired.

Note that since Coulomb's law only appliesdtationarycharges, there is no reason to expect Gauss's law to holdfanghichargedased on this
derivation alone In fact, Gauss's lawloeshold for moving charges, and in this respect Gauss's law ie g@eneral than Coulomb's law.

Deriving Coulomb's law from Gauss's law

Strictly speaking, Coulomb's law cannot be derived from $&ulaw alone, since Gauss's law does not give any infa@meggarding the curl of
E (see Helmholtz decomposition and Faraday's law). How&aujomb's lancanbe proven from Gauss's law if it is assumed, in addition, that
the electric field from a point charge is spherically-syntieg(this assumption, like Coulomb's law itself, is exgdtue if the charge is stationary,
and approximately true if the charge is in motion).

Outline of proof

Taking Sin the integral form of Gauss's law to be a spherical surfécadiusr, centered at the point char@®
we have

fE-dAz
s

By the assumption of spherical symmetry, the integrand @atant which can be taken out of the integral. The
result is

&0

4mr?t - E(r) = Q

Zo

wherer is a unit vector pointing radially away from the charge. Aghy spherical symmetng points in the
radial direction, and so we get

Q i

dweg r2

E(r)

which is essentially equivalent to Coulomb's law. Thus theise-square law dependence of the electric field in
Coulomb's law follows from Gauss's law.

See also

= Method of image charges
= Uniqueness theorem for Poisson's equation

Notes

1. ~ More specifically, the infinitesimal area is thought of as planar and with d#e The vector @ is normal to this area element and has magnittAiéB]d
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