IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-18, NO. 9, SEPTEMBER 1970 547

circuit was designed with a flat 10-dB gain in the fre-
quency band . Then beginning with these initial
parameter values, suppose it is desired to obtain a flat
gain at 12 dB. The Rosenbrock algorithm usually would
not converge. It appeared that a strong local minimum
existed at 10 dB. However, convergence could be ob-
tained by including the reflection loss terms in the per-
formance index, or by starting with new initial parame-
ter values for which the gain curve was not very flat. In
the case of the antenna load, convergence to a reason-
able soluticn was ¢btained only by minimizing the re-
flection loss terms. Each design took approximately two
minutes of 360/75 time except for the two-stage ampli-
fier which required approximately five minutes.

Additional problems being studied are the design of
broad-band low-noise receivers and the design of dis-
tributed filters. Also, other minimization algorithms
which use the gradient of E are being studied at the
present time.
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Wave Propagation in Hollow Conducting
Elliptical Waveguides

JAN G. KRETZSCHMAR

Abstract—The propagation of electromagnetic waves in a hollow
perfectly conducting pipe with an elliptical cross section and the re-
sults of numerical calculations of the cutoff wavelength of nineteen
successive modes are presented. Some inaccuracies in the usual
mode classification are proven and corrected. As a large number of
numerical calculations are required to determine the cutoff wave-
length for a single set of dimensions and a single mode, approximate
formulas for the eight lowest order modes are suggested. These
formulas are of a simple algebraic form and give a relative error
smaller than 0.25 percent. With the exact succession of the different
modes it becomes possible to compare the bandwidth of an elliptical
waveguide to the bandwidth of the rectangular and circular guide.
The measured values of the cutoff wavelength of different modes
agree very well with the theoretical calculated values.
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I. INTRODUCTION

N 1938 Chu [2] presented the theory of the trans-
I[ mission of electromagnetic waves in hollow conduct-

ing pipes of elliptic cross section. He obtained
numerical results for the cutoff {frequency and the at-
tenuation for six different waves. In 1947 Kinzer and
Wilson [3] published the first approximate formulas
to determine the cutoff frequency of the TE.n, TMay,
and TM 1y modes for a given elliptical cross section. The
authors did not mention the degree of accuracy of their
formulas. The impedance of an elliptic waveguide oper-
ating in the TE.1 mode was discussed by Valenzuela in
a paper published in 1960 [5]. Using new approxima-
tions for the modified Mathieu functions, Piefke [7] ob-
tained attenuation constants for twelve modes. The
optimum design dimensions for minimum attenuation,
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when an elliptical waveguide is used in the fundamental
mode (TE.11) and the practical characteristics of a long
single-piece flexible aluminum waveguide of approxi-
mately elliptical cross section were presented by Maeda
[9], [10] in 1968.

The mean advantages of elliptical waveguides are that
long continuous lines are easily manufactured and trans-
ported. Furthermore, there is no mode splitting or rota-
tion of the polarization plane for slight deformations of
the cross section while simple matched connecting parts
to rectangular and circular waveguides are possible.
Although elliptical waveguides are commercially avail-
able and have already been used in several applications
such as multichannel communication and radar feed
lines, there still remain a lot of unresolved theoretical
and practical problems in this domain.

This paper presents the results of exact numerical
calculations of the cutoff frequency of nineteen modes
in an elliptic waveguide. The calculations were made
on an IBM 360/44 using Bessel function product series
for the modified Mathieu functions of the first kind [1],
[14], [15].

The exact succession of the modes permits a compari-
son of the bandwidth of elliptical waveguides with the
bandwidth of rectangular and circular waveguides. For
eccentricities between 0.05 and 0.95, practical formulas
for the determination of the cutoff wavelength are pre-
sented for the eight lowest order modes. They are quite
simple and give a relative error smaller than 0.25 per-
cent. The theoretical results are compared with mea-
surements on a waveguide operating in the 2-4-GHz
frequency band. The difference between calculated and
measured values is smaller than 0.6 percent.

II. WaveE EQUATION FOR A PERFECT
ELLipTICAL WAVEGUIDE

We assume an air-filled hollow-piped uniform wave-
guide of elliptical cross section with a perfect conducting
wall [Fig. 1(a)]. Orthogonal elliptic coordinates (£, 7, 2)
are used to solve Maxwell’s equations. Such a coordinate
system is shown on Fig. 1(b). The contour surfaces of
constant £ are confocal elliptical cylinders while those of
constant 7 are confocal hyperbolic cylinders. The dis-
tance between the foci F, F’ is 2h. The confocal cylinder
£=§£, forms the inner boundary of the waveguide while
the z axis coincides with the longitudinal axis of the
pipe. The eccentricity ¢ of the cross section is given by
1/ cosh &,, while the major axis (4A4’) and the minor
axis (BB’) of the ellipse are 2a=2h cosh &, and
2b=2h sinh &, A harmonic time variation and a propa-
gation in the positive 2 direction are assumed. In com-
plex representation these assumptions result in a multi-
plication of all wave functions by exp(j{wt—p82)). For a
given mode the phase factor § is a function of the cross
section and the frequency of the wave and is to be de-
termined from the boundary conditions. As the investi-

gated elliptical waveguide is a homogeneous, simple, and
~ perfect guide [12], all modes will have either H,=0
(TM modes) or E.=0 (TE modes).

90° ~

44

H *m
= Px270° @

)

(a) Elliptical waveguide. (b) Orthogonal elliptical
coordinate system.

Fig. 1.

From Maxwell’s equations we get the following wave
equation for E,(TM) or H.(TE):

[a_z + il + 2g¢ (cosh 2& — cos 277):H:Ez] = (1)
ol % In® H,
where
4q = k20 (2)
kP = wleouo — B2 = 47?/\’ (3)
h = ae. (4)

Using the method of separation of variables we obtain
the following solution for the wave equation:

[Ez:\ _ C,,,Cem(f, Q)Cem<77; Q)
H, wSem(&, @) sem(n, @)

In these equations cen(n, ¢) and se.(n, ¢) are ordinary
even and odd Mathieu functions while Cen,(§, ¢) and
Se.n(&, q) are the corresponding modified Mathieu func-
tions of the first kind and order m. The other field com-
ponents are easily obtained by applying Maxwell's
equations. As may be seen from (5) there are four types
of propagation in an elliptical waveguide, namely, even
and odd TE and TM modes. To distinguish between the
different modes the first index of each mode designation
will be ¢ (cos-type) for an even mode and s (sin type)
for an odd mode, while the second index m is related to

:l exp (j(wt — 82)). ()
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the order of the Mathieu function. Furthermore, the
following equations must hold to satisfy the boundary
conditions on the wall:

TM modes: Cen(f, q) =0 (even) ©
Sem($0, ) =0 (odd)
TE modes: Ce,/(%,9) =0 (even) e
Sen' (o, ¢) =0 (odd)
with
cosh & = el (8)

As the parameter ¢ is related to the cutoff wave num-
ber &k, by (2), we get a different mode for each root of (6)
and (7). Toresolve this ambiguity, a third subscript #,
corresponding to the nth parametric root, is required in
the mode designation. With (2) the general formula for
the cutoff wavelength of a TE or TM mode in an ellipti-
cal waveguide becomes

\ Tae ©)
(4 \/5
For a TM (T M ms) mode ¢ =¢emn(@emn) is the nth par-
ametric zero of the even (odd) modified Mathieu func-
tion of order m with argument £,. For a TE,m.(TE;m.)
mode ¢ = Gomn(§sma) is the nth parametric zero of the first
derivative of the same function.

I11. TuE CutorFr WAVELENGTH AS A FUNCTION
OF THE ECCENTRICITY AND MODE

According to (9) the cuteff wavelength of a given
mode is a function of the geometry of the cross section
and the parameter ¢. This parameter being also a func-
tion of the mode and eccentricity (6) and (7), it follows
from (9) that the cutoff wavelength of any mode is com-
pletely determined by the dimensions of the elliptical
cross section. This relation may be represented in dif-
ferent ways.

A. The Function q=5(e)

It is clear that the exact computation of the modified
Mathieu functions forms the main difficulty in the
study of elliptical waveguides. These functions may be
calculated by means of hyperbolic functions series,
Bessel functions series, and Bessel functions product
series. It is proved that these series and their pth deriva-
tives are absolutely and uniformly convergent in any
finite region of the £ plane or in any closed interval of £
real [1].

The Bessel functions product series are most suitable
for practical computer calculations as they have the
highest rate of convergence. In a recent paper [14], [15]
it was shown that the rate of convergence of the series
with hyperbolic functions is so slow that they are only
useful for the lowest order functions and for a limited
interval of the argument £ and the parameter g.

As the computations for the different modes are simi-
lar we shall only deal with the TM. mode as an ex-
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ample. The three possible series for the involved modi-
fied Mathieu function Ce;(§, q) are

Cer(t, q) = 2 Asypycosh (25 + 1)E

(10)
=0
Cert, ) = 2, Dayer J,(24/g cosh £) (11)
Cer(t, @) = 22 Coald,(V e )T, 11V qe%) 12
+ JJ(\/&‘;E)JH-I(\/‘;‘?_E)]
with
"(w/2
Dyjpy = (—1)0+1 Ll(:/_’_ﬁ Asyia (13)
g 41
. 561(07 Q)CKI/('”'/27 (1)
Coppy = (=) 2222000 4 (14
2;+1 ( ) \/q 441 |2 +1 ( )
cex(0,9) = 2 Asy (15)
oo (w/2,q) = 25 (—=1)/P (2 + 1) oy (16)

=0
and with J,, J,,1 Bessel functions of the first kind.

The function y = Ce:(§, ¢) is a solution of the modified
Mathieu equation

(17)

if @ equals the characteristic number a, which is the first
root of the following infinite continued fraction
1 1 1

Vimle— — e oo ... =0
Vi V- V-

' — (a — 2qcosh28)y =0

where
Vo1 = ————— (G 20).

Once a1 has been determined, the coefficients A4,,1 are
obtained using the following relations:

Al = 1
Az = Gojadein (7> 0)
sz+1:—i‘_—1 (j>0)-
Vorpre Vs

Starting with 43, we compute the successive coefficients
until we reach one smaller in absolute value than a given
limit e. The infinite series are then truncated and limited
to that last term, say Aa,i1, Dayiq, and Capgy. Defining

S =20 | Az ?
7=0

we normalize the coefficients by dividing them by the
square root of S or
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Fig. 2. Function ¢=f(e) for TM.u, TE., and TE.n mode. Fig. 3. Function ¢=f(e) for TM,n, TE.4, and TE,» mode.

The corresponding coefficients Dsji1 and Cpjyy, which
are functions of 4j;1 and ¢ alone, are easily obtained
with (13) and (14). As it is much easier to determine the ¢

zeros than the parametric zeros, the first root &y of
Cei(§, gon) =0 is evaluated for a given ¢ value. With
(8) we obtain then the required eccentricity of the cross .
section. Figs. 2-4 give the parameter g as a function of "}
the eccentricity for the eight lowest order waves and L
of eccentricities between 0.05 and 0.95. C
B. The Function \,/P =h(e) I
The perimeter P of an ellipse with eccentricity ¢ and ] TE ™
major axis 2a is given by 1= cof <

P = 4aE(e?) (18)

with E(e?) the complete elliptic integral of the second
kind. With (9) and (18) the ratio of the cutoff wave-
length to the perimeter becomes

Ae me
—_—=— . (19) L
P A\/qE(e?) -

From (19) we conclude that the ratio of the cutoff wave-

length of a given mode to the perimeter of the cross

section is a function o'f the eccentricity alone, ‘ - L . ‘ ) e
The results for the eight lowest order modes are given oz T e 08 )

in Fig. 5. This method of representation is classic and Fig. 4. Function g=f(e) for TE.q; and TM.a mode.
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odd modes
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even modes

" 1 ! . ! . 1

Fig. 5.

was introduced by Chu [2]. Using Bessel functions
series, he obtained exact results for the TE,i1, TE.n,
TM.o1, TMoat, TE.o1, and TM 1 modes and this for eccen-
tricities between 0.0 and approximately 0.8. From Fig. 5
it is clear that these six modes given in most publica-
tions and textbooks are not the lowest order waves, as
the even and odd TE, modes were forgotten in the clas-
sification. In 1964 Piefke derived new asymptotic for-
mulas for the modified Mathieu functions [8]. By means
of these formulas and the Bessel functions series he ex-
tended the A,/P chart with the TM,p, TE.: TEss,
TM 12, TEcp, and TM,;; modes [6], [7]. It is clear that
the even and odd TE,; modes were omitted again.
Furthermore, there are several other higher order
modes with a cutoff wavelength greater than the cutoff
wavelength of the modes given in [7].

As to the asymptotic approximations for the modified
Mathieu functions we must remark that they have a
sufficient accuracy only if 24/¢ cosh £ is much greater
than unity. For the determination of the cutoff wave-
length of an elliptical waveguide, this condition becomes

24/q cosh & = 2+/ge™1 > 1
or with (9)

Ao/a K 2. (20)

The consequences of this condition are discussed in
Section III-C.

0.2 0.4 0.6

Function A./P =h(e) for eight lowest order waves.

Mg

TEen

10 e

00
Fig. 6. Function \./e =g(e) for nineteen successive modes.
C. Function N./a =g(e)
The general formula (9) may be written as
Ae
PRV
This function was computed for nineteen successive

modes and for eccentricities between 0.0 and 0.95 at
least. The results are represented on Fig. 6. This figure

e

= g(e). (21)
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TABLE I
Mode Formula Intenval of e l€r|max (percent)
G —0.847662—0.0013¢+0,0379¢4 10.0,0.4] 0.01
TE.q g1 = —0.0064¢+40.8838e2 —0.0696¢* +-0.0820¢* 10.4,1.0] 0.02
Ge21 =0.0001e4-2.3260¢% +0.0655¢° +0.9816¢* {0.0.0.42] 0.07
TEm ger= —0.0060e +2.1493¢240.9476¢* —0.0332¢* 0.42,1.0] 0.07
Geor = —0.0073¢43.8569¢2 — 1.3105¢% +4.6802¢% [0.05,0.45]} 0.3
TE.n Jen= —1.2264 —1.3936e+1.5515¢2+1.3156/(1 —e) [0.45,0.95] 0.3
gsn = —0.0018240.8974e2 —0.3679¢°+1.612¢+ 10.05,0.50] 0.4
TEu gou=—0.1483 —1.0821¢+1.0829¢24+0.3493 /(1 —e¢) [0.50,0.95] 0.5
TE Gsn = —0.0053¢+2.1700e2 —0.9098¢3 4 2.8655¢1 [0.05,0.60] 0.5
Goo1 =1.0692 —5.2863¢45.9122¢2+4-0.4171/(1 —¢) 0.60,0.95) 0.5
TMn genn=—0.0016¢+1.488¢%2 —0.314¢%+1.425¢* [0.05,0.501 0.2
Gonr = —0.222—0.728¢41.308¢2+0.341 /(1 —¢) {0.50,0.95] 0.2
TMen gen = —0.0049¢+4-3.7888¢2 —0.7228¢8+2.2314¢4 [0.05,0.55] 0.3
g = —0.1379 —1.3138¢ +3.9307¢*4-0.4056/ (1 — e} [0.55.0.95] 0.3
TM.u o = —0.0063¢+3.8316¢2 —1.1351¢54+5.2229¢+ [0.05,0.45] 0.3
g1 =—1.2014 —1.6271¢+2.1681¢24-1.3089/(1 —e; [0.45,0.95] 0.3

illustrates very well the transition from elliptical to cir-
cular cross section and is easier to use than Fig. 5 as the
latter requires the computation of the perimeter of the
elliptical cross section. The classification of the first
nineteen modes clearly shows that there exist several
other modes between the TM g and TN 2 modes. This
point was not made before. Furthermore, it turns out
that the cutoff wavelength of the TE.y and the even
and odd TMy; modes is not only smaller than the TM
mode but also smaller than the even and odd TE; and
TE2 modes which are not represented on Fig. 6. It is
also obvious that the succession of the various modes is
a function of the eccentricity and that for e =0 this suc-
cession becomes those of a circular waveguide. The cut-
off wavelength of the TE.n: mode (m=1, 2, - - - ) does
not vary very fast with the eccentricity and reaches a
well-defined nonzero value for e equal to unity. For all
other modes the cutoff wavelength tends to zero as the
eccentricity tends to unity.

Ancther interestinig phenorrenon is the fact that the
difference between an even and odd mode of the same
type and order becomes less pronounced for higher order
waves. As to condition (20) we notice that the asymp-
totic formulas are useful for great values of the eccen-
tricity or for very high-order waves. Nevertheless, we
must remark that condition (2C) is more severe for even
than for odd modes and also becomes mcre severe ac-
cordingly as the order of the modified Mathieu function
becomes greater.

IV. ArprROXIMATE FORMULAS
FOR THE FUNCTION ¢ =f(¢)

The determination of the exact value of the parameter
g for a given mode and eccentricity is rather complicated
as may be seen from the preceding discussion. To avoid
this complexity, we derived an approximate analytic

&%y

02t

Qi

0.0

Kinzer
Kretzschmar

Fig. 7. Relative-error curve of approximate

formula tor function gei =f(e).

relation between ¢ and ¢ for the eight lowest order
modes. For practical use, it is not only necessary to
ensure a known and sufficient accuracy but also to have
a simple algebraic form.

Approximate formulas for the TE o, TM 11, and TM
modes have been proposed by Kinzer and Wilson [3].
These formulas are approximations for the function
A/a=g(e) and have the following general form:

Ac E(e?
— = (22)
a a0 + a1E -+ a2E* 4 a3E3

where E=1—+/1—¢? and E(e¢?) is the complete elliptic
integral of the second kind.

The accuracy of the proposed formulas is very good
for small eccentricities but drops for larger values
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(e greater than 0.6 or 0.75, depending upon the mode).
Dividing the involved interval of eccentricity (0.05 to
0.95) in two parts and adopting the maximum error
criterion [17], it is possible to approximate the function
g=f(e) by g =aie+ase?+axe®+ase* for small eccentrici-
ties and by ¢ =bo+-bie+bee?+b3/(1 —e) for larger values.
The coefficients a;, b; are determined by means of a set
of four exact function values with arguments corres-
ponding to the four zeros of the Chebyshev polynomial
Ts(e) in the involved interval of e. The optimum inter-
vals are determined experimentally.

The formulas for the different modes are given in
Table I. The range of validity and the absolute value
of the maximum relative error is given for each formula.
The relative-error curve of the approximation for the
TM. mode is given as an example on Fig. 7. On the
same figure the relative-error curve of the formula
given by Kinzer and Wilson is drawn. The formulas
for the other modes have a similar error curve. When
the formulas of Table I are used to determine the cutoff
wavelength, the maximum relative error is only one
half of the value given in the last column of Table I.

V. BANDWIDTH OF ELLIPTICAL WAVEGUIDES

As to the bandwidth of elliptical waveguides, it is
clearly shown by Fig. 6 that the largest possible band-
width is obtained for eccentricities greater than approxi-
mately 0.86. This corresponds to an axial ratio of 0.5.
The bandwidth of an elliptical waveguide with axes 2a
and 2b is compared with the bandwidth of a rectangu-
lar waveguide with dimensions 2a and 2b and with a
circular waveguide with radius a.

The results for the various types are given in Table 11
for a =25, i.e., e=0.866.

From Table II it follows that the cutoff wavelength
of the dominant TE.; mode in the elliptical waveguide
is smaller than the cutoff wavelength of the dominant
mode in the circular and rectangular waveguide. The
first higher order mode in the elliptical waveguide ap-
pears at a higher frequency than in the rectangular or
circular waveguide. The bandwidth of an elliptical
guide with @ =2b is 25 percent less than the bandwidth
of the corresponding rectangular waveguide but nearly
the double of the circular waveguide.

V1. EXPERIMENTAL RESULTS

To check the validity of the calculations, some experi-
ments were carried out on an elliptical resonant cavity
with the following dimensions: major axis 2a¢ =21.55 cm,
eccentricity ¢=0.66, and length L=29.865 cm. The
cutoff wavelength of a given mode is calculated from
the resonant frequencies of the cavity. The results for
the TM . mode are given here as an example. Table I11
gives the measured values of A1 determined from the
successive resonant frequencies fo of the cavity. The
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TABLE 11
Dominant First Higher Band-
Type Mode A Order Mode A width
TEqy
Rectangular TE,, 4.00¢ TEx 2.00¢a 2.00¢
Circular TE, 3.41a TMg 2.61a 0.80a
Elliptical TEq 3.35a TEe 1.844¢ 1.51¢
TABLE 111
Mode Jo (MHz) Ae1(cm)
TM 12 2111 16.16
TMens 2389 16.18
TM.14 2727 16.26
M s 3126 16.12
TM.us 3534 16.25
TMeur 3078 16.12

exact value of A for the given waveguide is 16.21 cm.
Asmay beseen, the relative error on A1 is always smaller
than 0.6 percent. The results for the other modes are
similar,

VII. CONCLUSIONS

Using Bessel functions product series for the compu-
tation of the modified Mathieu functions of the first
kind on a high-speed digital computer, the exact cutoff
wavelengths of nineteen successive modes in a hollow
elliptical waveguide with an eccentricity varying from
0.00 to 0.95 are calculated. From these results it becomes
clear that some important modes were forgotten in the
classification until now.

A set of simple approximate formulas for the deter-
mination of the cutoff wavelength of the eight lowest
order waves is proposed. The accuracy of these formulas
is better than 0.25 percent. It is also proven that the
bandwidth of an elliptical waveguide with a major axis
equal to twice the minor axis is 25 percent less than the
corresponding rectangular waveguide but nearly the
double of the circular waveguide.

Some experimental results show that there exists a
good agreement between the measured and calculated
values of the cutoff wavelength.

Work is in progress to resolve some other important
problems of wave propagation in elliptical waveguides.
Among those we mention the study of the field config-
uration and attenuation of the lowest order modes. The
design of a mode chart for elliptical resonant cavities
has already been done and the results will be published
soon.
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On Plane and Quasi-Optical Wave Propagation
in Gyromagnetic Media

NIKOLAI EBERHARDT, VINCENT V. HORVATH, STUDENT MEMBER, IEEE, AND
R. H. KNERR

Abstract—To promote the development and understanding of
microwave magnetic devices, especially in the millimeter and sub-~
millimeter range utilizing quasi-optical techniques, a discussion of
propagation and polarization of plane waves and narrow rays in
gyromagnetic media in an arbitrary direction is considered. It is as-~
sumed that the medium can be described by a permeability tensor of
the Polder type. The approach is structured after classical crystal
optics but yields significantly different results since each of the two
permitted rays is elliptically polarized. The ellipticities are derived.
The phase surfaces are discussed for the lossless case. There are no
optical axes but ranges of forbidden directions exist for one or both
rays. D, B, and the wave vector nform an orthogonal set at all times.
H is confined to the B, n plane; it gyrates along an ellipse such that
the Poynting vector traces in time an elliptical cone which contains
the wave vector as one mantle line. Therefore, a narrow ray can be
understood to proceed along a helical path.
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I. INTRODUCTION

ANY particular solutions of Maxwell's equa-
M tions in magnetically biased ferrites are known.
To name only a few, one may recall the work
of Walker [1] on the resonances of ellipsoids or the
theory of the junction circulator as derived by Bosma
[2], [3] and reinterpreted by Fay and Comstock [4].
In addition, several authors have considered the propa-
gation of waves in gyrotropic media [5]-[8], [16], [17].
The goal of this paper is to present a more funda-
mental treatment of wave propagation in the magneti-
cally gyrotropic medium. The approach taken here was
inspired in part by the chapter on crystal optics in
Sommerfeld’s Optics [9]. The gyrotropic medium, in-
deed, is closely related to a crystal, and a detailed under-
standing of the general properties of waves can be de-
veloped along similar lines. A self-contained approach
to the topic is attempted rather than an isolated presen-
tation of our new results.
This approach is to some extent paralleled by con-
siderable work describing wave propagation in mag-



