Biot—Savart law - Wikipedia, the free encyclopedia Page 1

Biot—Savart law

From Wikipedia, the free encyclopedia

In physics, specifically electromagnetism, Biot—Savart law (/' bi:ov so'var/ or /'bjou _s_e_f_\__/_qr/)[l] is an equation describing the magnetic field
generated by an electric current. It relates the magnetid fo the magnitude, direction, length, and proximity af Hectric current. The law is

valid in the magnetostatic approximation, and is conststétn both Ampeére's circuital law and Gauss's law for ma'gmiz] It is named after
Jean-Baptiste Biot and Félix Savart who discovered thiiiship in 1820.
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Equation

Electric currents (along closed curve)

The Biot—Savart law is used for computing the resultant retigtield B at positionr generated by ateadycurrentl (for example due to a wire):
a continual flow of charges which is constant in time and tharge neither accumulates nor depletes at any point. Th&slawhysical example

of a line integral, being evaluated over the p&thn which the electric currents flow. The equation in Sl uristd

o fIdlxr
B(r) = 4?T/C r|?

wheredl is a vector whose magnitude is the length of the differeefiainent of the wire, in the direction obnventional currentr is the full
displacement vector from the wire element to the point ativithe field is being computed, ang is the magnetic constant. Alternatively:

B(r):’u—o Idl x ¢
dw Jo |r|?

wheref is the unit vector of. The symbols in boldface denote vector quantities.

The integral is usually around a closed curve, since etectnirents can only flow around closed paths. An infinitelyd wire (as used in the
definition of the Sl unit of electric current - the Ampere}isounter-example.

To apply the equation, the point in space where the magrietétif to be calculated is arbitrarily chosen. Holding thaint fixed, the line
integral over the path of the electric currents is calcualatefind the total magnetic field at that point. The applicatof this law implicitly relies
on the superposition principle for magnetic fields, i.& fact that the magnetic field is a vector sum of the field wédy each infinitesimal

section of the wire individuallw
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There is also a 2D version of the Biot-Savart equation, udeehwhe sources are invariant in one direction. In gendralctirrent need not flow
only in a plane normal to the invariant direction and it isegi\byJ. The resulting formula is:

,u_O/ (Jdl) xr  po (Jdl) x ¥

o Jo WP 2 )e Il

B(r)=

Electric currents (throughout conductor volume)

The formulations given above work well when the current campproximated as running through an infinitely-narrowewlf the conductor has
some thickness, the proper formulation of the Biot—Sawart(again in Sl units) is:

,uo/// (JdV) xr
I‘

r|3
or, alternatively:

e

wheredl’ is the volume element arJlis the current density vector in that volume.

Again, there is also a 2D version of the Biot-Savart equatised when the sources are invariant in one direction:

,uo// (JdS) xr _ ,uo// JdS)xr
N

whereds is the surface element.

The Biot—Savart law is fundamental to magnetostatics,ipdag similar role to Coulomb's law in electrostatics. Whesgmetostatics does not
apply, the Biot—Savart law should be replaced by Jefimen&guations.

Constant uniform current

In the special case of a steady constant currgihie magnetic field is

dl x T
B(r) = ‘“—"1/ exr
dr” o r)?

i.e. the current can be taken out of the integral.

Point charge at constant velocity

In the case of a point charged partigienoving at a constant velocity, Maxwell's equations give the following expression for étectric field
and magnetic field?!

_q 1—v?/c? P
 dmeg (1 —v2sin?0/c2)3/2 |r|?
B= -V x E
c

wheref is the unit vector pointing from the current (non-retardpd3ition of the particle to the point at which the field istgimeasured, anlis
the angle betweewandr.

Whenv? < ¢?, the electric field and magnetic field can be approximaéﬂ a

_ 49 T

 dmeg [r?
_ Mg
U AENTE

These equations are called the "Biot—-Savart law for a p(biatge{‘s] due to its closely analogous form to the "standard" Biot-e8aaw given
previously. These equations were first derived by Oliveatiside in 1888.
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Magnetic responses applications

The Biot—Savart law can be used in the calculation of magmetiponses even at the atomic or molecular level, e.g. claésfiieldings or
magnetic susceptibilities, provided that the current dgiean be obtained from a quantum mechanical calculaticheory.

Aerodynamics applications

The Biot—Savart law is also used in aerodynamic theory toutate the velocity induced by vortex lines.

In the aerodynamic application, the roles of vorticity andrent are reversed in comparison to the magnetic
application.

In Maxwell's 1861 paper 'On Physical Lines of For@amagnetic field strengthl was directly equated with pure
vorticity (spin), wherea® was a weighted vorticity that was weighted for the densitthefvortex sea. Maxwell
considered magnetic permeabiljtyto be a measure of the density of the vortex sea. Hence thership,

The figure shows the
velocity (V") induced at a
point P by an element of
vortex filament ¢[) of
strengthl.

1. Magnetic induction current
B=puH

was essentially a rotational analogy to the linear electiicent relationship,
2. Electric convection current

J=pv

wherep is electric charge densitia was seen as a kind of magnetic current of vortices alignelain &xial planes, wittd being the
circumferential velocity of the vortices.

The electric current equation can be viewed as a conveativermt of electric charge that involves linear motion. Brlagy, the magnetic
equation is an inductive current involving spin. There idinear motion in the inductive current along the directidrite B vector. The magnetic
inductive current represents lines of force. In particultarepresents lines of inverse square law force.

In aerodynamics the induced air currents are forming sad@hangs around a vortex axis that is playing the role thettic current plays in
magnetism. This puts the air currents of aerodynamics e@tjuivalent role of the magnetic induction veddn electromagnetism.

In electromagnetism thB lines form solenoidal rings around the source electricentyrwhereas in aerodynamics, the air currents form salahoi
rings around the source vortex axis.

Hence in electromagnetism, the vortex plays the role oé&tfivhereas in aerodynamics, the vortex plays the roleaok€'. Yet when we look at
the B lines in isolation, we see exactly the aerodynamic scenaiso much as tha is the vortex axis an#ll is the circumferential velocity as in
Maxwell's 1861 paper.

In two dimensiongfor a vortex line of infinite length, the induced velocityapoint is given by

T
T 2rr

wherer is the strength of the vortex amds the perpendicular distance between the point and thewdbrte.

This is a limiting case of the formula for vortex segmentsioité length:
v = — [cos A — cos B]

mr

whereA andB are the (signed) angles between the line and the two ends sktiment.

The Biot—Savart law, Ampére's circuital law, and Gauss's lav for magnetism

In a magnetostatic situation, the magnetic fiBlds calculated from the Biot—Savart law will always satisBuss's law for magnetism and
Ampeére's lawfe]

Outline of proof[B] (Click "show" on the right.)

Starting with the Biot—Savart law:
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Substituting the relation

r—r 1
w—fw“v(u—ﬂ)

and using the product rule for curls, as well as the factdtddes not depend on the unprimed coordinates, this

equation can be rewritten'8s

= v [l

Since the divergence of a curl is always zero, this estadBishauss's law for magnetism. Next, taking the curl of

both sides, using the formula for the curl of a curl, and againg the fact thal does not depend on the
unprimed coordinates, we eventually get the rédult

B2y [[[ #rac )V( _ﬂ) [ e )V2(| —r’l)

Finally, plugging in the relationd

(1) = (1)

v? (ﬁ) = —dnd(r — 1)

(wheres is the Dirac delta function), using the fact that the diveigeofJ is zero (due to the assumption of
magnetostatics), and performing an integration by parésrésult turns out to it

V xB = pgd

i.e. Ampere's law. (Due to the assumption of magnetost«?E/dt = 0, so there is no extra displacement
current term in Ampere's law.)

Page 4

In anonmagnetostatic situation, the Biot—-Savart law ceases tole(it is superseded by Jefimenko's equations), whilesSadaw for

magnetism and the Maxwell-Ampére law are still true.
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Notes

1. ~ "Biot-Savart law" (http://dictionary.reference.com/browse/biot-eseraw?qsrc=2446 Random House Webster's Unabridged Dictionary

2. N Jackson, John David (1999)lassical Electrodynamic®rd ed. ed.). New York: Wiley. Chapter 5. ISBN 0-471-30932-X.

3. N Electromagnetism (2nd Edition), I.S. Grant, W.R. Phillips, Manchedtgsies, John Wiley & Sons, 2008, ISBN 978-0-471-92712-9
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4. » The superposition principle holds for the electric and magnetic fields Bedhey are the solution to a set of linear differential equations, namely
Maxwell's equations, where the current is one of the "source terms".

5. 2P Gyiffiths, David J. (1998)Introduction to Electrodynamics (3rd edPrentice Hall. pp. 222—224, 435-440. ISBN 0-13-805326-X.

6. " http://maxwell.ucdavis.edu/~electro/magnetic_field/pointcharge.html

7.~ Maxwell, J. C. "On Physical Lines of Force" (http://commons.wikimeatigiwiki/File:On_Physical_Lines_of Force.pdf)ikimedia commons
Retrieved 25 December 2011.

8. rabcdef gea Jackson, page 178-79 or Griffiths p. 222—24. The presentat@niffiths is particularly thorough, with all the details spelled out.
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