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In vector calculusdivergenceis a vector operator that measures the magnitude of a veeldisfsource or sink at a given point, in terms of a
signed scalar. More technically, the divergence repregbietvolume density of the outward flux of a vector field framinfinitesimal volume
around a given point.

For example, consider air as it is heated or cooled. The aatexector field for this example is the velocity of the mayir at a point. If air is
heated in a region it will expand in all directions such ttnet velocity field points outward from that region. Therefdne divergence of the
velocity field in that region would have a positive value tlas region is a source. If the air cools and contracts, thergance has a negative
value, as the region is a sink.
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Definition of divergence

In physical terms, the divergence of a three-dimensionatordield is the extent to which the vector field flow behawike a source or a sink at a
given point. It is a local measure of its "outgoingness"—dhtent to which there is more exiting an infinitesimal rega space than entering it.

If the divergence is nonzero at some point then there mustsber@e or sink at that positic;H.(Note that we are imagining the vector field to be
like the velocity vector field of a fluid (in motion) when wese the terms flow, sink and so on.)

More rigorously, the divergence of a vector fidfchat a pointp is defined as the limit of the net flow &f across the smooth boundary of a three-
dimensional regiolV divided by the volume o¥/ asV shrinks top. Formally,

div F
()= ‘—>{P} //su |V|

where V| is the volume o, V) is the boundary o¥, and the integral is a surface integral witbeing the outward unit normal to that surface.
The result, divF, is a function ofp. From this definition it also becomes explicitly visibleattdivF can be seen as ttseurce density of the flux of
F.

In light of the physical interpretation, a vector field witbnstant zero divergence is calledompressible or solenoidal — in this case, no net flow
can occur across any closed surface.

The intuition that the sum of all sources minus the sum ofiaksshould give the net flow outwards of a region is madeipesby the divergence
theorem.

Application in Cartesian coordinates
Letx, Y, zbe a system of Cartesian coordinates in 3-dimensional @enti space, and Igtj, k be the corresponding basis of unit vectors.

The divergence of a continuously differentiable vectoldfie =U i + V] + Wk is equal to the scalar-valued function:

. _ _@ a_V oW
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Although expressed in terms of coordinates, the resultvariant under orthogonal transformations, as the physitalpretation suggests.

The common notation for the divergenge- F is a convenient mnemonic, where the dot denotes an operatiginiscent of the dot product: take
the components of/ (see del), apply them to the component§&pand sum the results. Because applying an operator is gifférom
multiplying the components, this is considered an abusetztion.

The divergence of a continuously differentiable secondkotensor fielc is a first-order tensor fielé

afu Dexy aE:z
+ Ty +

—
dl\-’ (g) — aEy:c aEyz

deyy
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acz:c ez am
oty T
Cylindrical coordinates
For a vector expressed in cylindrical coordinates as

F:erFr+eE'F9+e:F:!

wheree, is the unit vector in direction a, the divergencélis

10 19F, OF.
divF=V -F= o (rF,) + 0 "9,

Spherical coordinates

In spherical coordinates, withthe angle with the axis anc¢ the rotation around theaxis, the divergence reddks

1 9F,

divF=V.F= 9%
v v rsinfl O¢
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Decomposition theorem

It can be shown that any stationary fluf) which is at least two times continuously differentiablegiand vanishes sufficiently fast far |- «
can be decomposed into anotational part E(r) and asource-free part B(r). Moreover, these parts are explicitly determined by tlspeetive
source-densities (see above) andrculation densities (see the article Curl):

For the irrotational part one has
E=-Vo(r),

with

B(r) = / &y div v(r')

dalr —v|”

The source-free par, can be similarly written: one only has to replace shalar potential ®(r) by avector potential A(r) and the terms ¥ @
by +VxA, and the source-density divby the circulation-density xv.

This "decomposition theorem" is in fact a by-product of thetisnary case of electrodynamics. It is a special caseeofrtbre general Helmholtz
decomposition which works in dimensions greater than theewell.

Properties

The following properties can all be derived from the ordjndifferentiation rules of calculus. Most importantly, thaergence is a linear
operator, i.e.

div(aF + bG) = a div(F) + b div(G)

for all vector fieldsF andG and all real numbera andb.

There is a product rule of the following type:¥fis a scalar valued function arflis a vector field, then
div(F) = grad(y) - F + ¢ div(F),

or in more suggestive notation
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V- (¢F)=(Vy)-F+¢(V-F).
Another product rule for the cross product of two vectord&f andG in three dimensions involves the curl and reads as follows:
div(F x G) =curl(F) - G — F - curl(G),
or
V(FxG)=(VxF)-G-F (VxGQG).
The Laplacian of a scalar field is the divergence of the feefptadient:
div(Vy) = Ap.
The divergence of the curl of any vector field (in three disiens) is equal to zero:

V- (VxF)=0

If a vector fieldF with zero divergence is defined on a ballR¥, then there exists some vector fikdon the ball withF = curl(G). For regions in

R more complicated than this, the latter statement might Ise f@ee Poincaré lemma). The degreéadfire of the truth of the statement,
measured by the homology of the chain complex

{scalar fields on U}
— {vector fields on U}
— {vector fields on U}

— {scalar fields on U}

(where the first map is the gradient, the second is the dwelihird is the divergence) serves as a nice quantificafitmeocomplicatedness of the
underlying regiorlJ. These are the beginnings and main motivations of de Rhawnoalbgy.

Relation with the exterior derivative

One can express the divergence as a particular case of #wgoexterivative, which takes a 2-form to a 3-formR. Define the current two form
j=Fdyndz+ Fy dz Ndx + F3 dx Ady.

It measures the amount of "stuff" flowing through a surfaeeymit time in a "stuff fluid" of density = 1dx A dy A dz moving with local velocity
F. Its exterior derivativedj is then given by

L 3F1 aFQ aFS _ )
dj = (EJra—er@)d“dyAdz_(v Fip

Thus, the divergence of the vector fidiccan be expressed as:
V- F = «d+F

Here the superscriptis one of the two musical isomorphisms, exi the Hodge dual. Note however that working with the curtesat form itself
and the exterior derivative is usually easier than workiritty #he vector field and divergence, because unlike therdiamce, the exterior
derivative commutes with a change of (curvilinear) cooatinsystem.

Generalizations

The divergence of a vector field can be defined in any numbdimoensions. If

in a Euclidean coordinate system whx = (x4, xs, .. ., r,)anddx = (dzy,dz, ..., dx,,), define

: _ _0Fy  0F, aF,
divF=V -F= 8x1+3x2+m+3xﬂ'

The appropriate expression is more complicated in curédlircoordinates.

http://en.wikipedia.org/wiki/Divergence 11.2.2015 8:23:24



Divergence - Wikipedia, the free encyclopedia Page 4

In the case of one dimension, a "vector field" is simply a tagfunction, and the divergence is simply the derivative.

For anyn, the divergence is a linear operator, and it satisfies thediort rule”
V- (¢F)=(Vy)-F+¢(V-F).
for any scalar-valued functic.

The divergence can be defined on any manifold of dimensiaith a volume form (or densitylt e.g. a Riemannian or Lorentzian manifold.
Generalising the construction of a two form for a vectordiehg?, on such a manifold a vector fieldefines an-1 form j = ixu obtained by
contractingX with £. The divergence is then the function defined by

dj = div(X)p
Standard formulas for the Lie derivative allow us to refolae this as
Lxp =div(X)p
This means that the divergence measures the rate of expafsaiorolume element as we let it flow with the vector field.

On a Riemannian or Lorentzian manifold the divergence vagpect to the metric volume form can be computed in termseoEévi Civita
connectiorV

div(X) =V - X = X2

where the second expression is the contraction of the véetdvalued 1-formV X with itself and the last expression is the traditional camate
expression used by physicists.

An equivalent expression without using connection is

div(X) = ‘/‘;Tgaﬂ( vdet g X%)

whereg is the metric an@, denotes partial derivative with respect to coordirzte

Divergence can also be generalised to tensors. In Einst¢@ttion, the divergence of a contravariant ve(F*ris given by
V-F=V,F"
whereV, is the covariant derivative.
Equivalently, some authors define the divergence of anyethiensor by using the "musical notation #":
If Tis a (p,q)-tensor p for the contravariant vector argpfor the covariant one), then we define ttieergence of T to be the p,g—1)-tensor
(divT) (Y1, ..., Yyo1) = trace(X — #(VT)(X, - Y1,...,Y—1))

that is we trace the covariant derivative on fhiet two covariant indices.

See also

= Curl

= Del in cylindrical and spherical coordinates
= Divergence theorem

= Gradient

= Laplacian

Notes

1. ~ DIVERGENCE of a Vector Field (http://musr.phas.ubc.ca/~jess/hrtg&epdient/node4.html)

2. " http://www.foamcfd.org/Nabla/guides/ProgrammersGuidese6. hta#28D002.1.2

3. A Cylindrical coordinates (http://mathworld.wolfram.com/CylindricalCooad@s.html) at Wolfram Mathworld
4. ~ Spherical coordinates (http://mathworld.wolfram.com/SphericalCoatelinhtml) at Wolfram Mathworld
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